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Abstract 

In today’s business environment, the trend towards more product variety and customization is unbroken. Due to this development, the need of 
agile and reconfigurable production systems emerged to cope with various products and product families. To design and optimize production
systems as well as to choose the optimal product matches, product analysis methods are needed. Indeed, most of the known methods aim to 
analyze a product or one product family on the physical level. Different product families, however, may differ largely in terms of the number and 
nature of components. This fact impedes an efficient comparison and choice of appropriate product family combinations for the production
system. A new methodology is proposed to analyze existing products in view of their functional and physical architecture. The aim is to cluster
these products in new assembly oriented product families for the optimization of existing assembly lines and the creation of future reconfigurable 
assembly systems. Based on Datum Flow Chain, the physical structure of the products is analyzed. Functional subassemblies are identified, and 
a functional analysis is performed. Moreover, a hybrid functional and physical architecture graph (HyFPAG) is the output which depicts the 
similarity between product families by providing design support to both, production system planners and product designers. An illustrative
example of a nail-clipper is used to explain the proposed methodology. An industrial case study on two product families of steering columns of 
thyssenkrupp Presta France is then carried out to give a first industrial evaluation of the proposed approach. 
© 2017 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the scientific committee of the 28th CIRP Design Conference 2018. 
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1. Introduction 

Due to the fast development in the domain of 
communication and an ongoing trend of digitization and
digitalization, manufacturing enterprises are facing important
challenges in today’s market environments: a continuing
tendency towards reduction of product development times and
shortened product lifecycles. In addition, there is an increasing
demand of customization, being at the same time in a global 
competition with competitors all over the world. This trend, 
which is inducing the development from macro to micro 
markets, results in diminished lot sizes due to augmenting
product varieties (high-volume to low-volume production) [1]. 
To cope with this augmenting variety as well as to be able to
identify possible optimization potentials in the existing
production system, it is important to have a precise knowledge

of the product range and characteristics manufactured and/or 
assembled in this system. In this context, the main challenge in
modelling and analysis is now not only to cope with single 
products, a limited product range or existing product families,
but also to be able to analyze and to compare products to define
new product families. It can be observed that classical existing
product families are regrouped in function of clients or features.
However, assembly oriented product families are hardly to find. 

On the product family level, products differ mainly in two
main characteristics: (i) the number of components and (ii) the
type of components (e.g. mechanical, electrical, electronical). 

Classical methodologies considering mainly single products 
or solitary, already existing product families analyze the
product structure on a physical level (components level) which 
causes difficulties regarding an efficient definition and
comparison of different product families. Addressing this 
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Besides numerous advantages, Additive Manufacturing enables the manufacturing of entire non-assembly mechanisms within one single process
step. However, this requires comparatively large joint clearances that significantly influence their functionality. Existing tolerance analysis methods
completely neglect or simplify these clearances and thus cannot adequately represent a realistic motion behavior. With the aim to overcome this
drawback, this contribution presents a novel method for the statistical tolerance analysis of additively manufactured mechanisms. The integration
of results from multi-body simulation enables a realistic representation of the movements within the joints. Finally, the exemplary application to
a planar non-assembly mechanism shows, that the process-related large joint clearances have more significant influence than the part deviations.
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1. Introduction and Motivation

Additive Manufacturing (AM) has recently attracted the at-
tention of research and industry in the field of non-assembly
products [1]. In contrast to conventional manufacturing pro-
cesses, it offers the possibility of printing entire non-assembly
mechanisms within one single process step, whereby a pre-
viously required assembly step becomes dispensable [2, 3].
However, additively manufactured joints require comparatively
large clearances to ensure their separability. Minimum achiev-
able joint clearances hereby depend on joint geometry, printer
hardware and the chosen process parameters [4]. A trial and
error process mostly optimizes these clearances, so they are
tight enough to ensure the functionality, but large enough to
avoid merging of mating surfaces [5, 6]. In addition, both small
and large clearance can cause impairment and lack of accu-
racy of the motion behavior due to unsteady motion within
the joints or vibration and instability. Motivated by the fact
that large clearances of additively manufactured non-assembly
mechanical joints play a crucial role in their kinematic behav-
ior, their consideration in tolerance analysis is essential [7, 8].

∗ Corresponding author. Tel.: +49-(0)9131-85-23224;
E-mail address: schaechtl@mfk.fau.de (Paul Schaechtl).

Despite the advantage of manufacturing non-assembly mecha-
nisms within a single process step, AM implies some shortcom-
ings as for example process-related part deviations, which can
affect certain part properties and thus impair their functional-
ity [9]. In order to consider these deviations, a tolerance analy-
sis for additively manufactured mechanisms in motion is essen-
tial. Statistical tolerance analysis methods are suitable for an
early determination of the motion behavior of linkage mecha-
nisms under uncertainty, but most of these methods imply draw-
backs, such as the neglection and simplification of joint clear-
ance. The state of the art concerning statistical tolerance anal-
ysis and analysis of mechanisms in general, currently insuffi-
ciently offers methods for systems in motion, let alone addi-
tively manufactured non-assembly systems in motion with con-
sideration of large joint clearance [8]. The aim of this contri-
bution is the consideration of joint clearance and AM-related
deviations in the statistical tolerance analysis by the integration
of results from multi-body simulation (MBS). Thus, a realistic
representation of the movement within the joints is achieved.

The paper is structured as follows. The state of the art and
related work will be reflected in the next section. Section 3 in-
troduces the statistical tolerance analysis based on vector loops.
Thereafter, a novel methodology for statistical tolerance anal-
ysis including consideration of joint clearance through results
from MBS is applied to a planar, additively manufactured non-
assembly mechanism in section 4. Finally, section 5 gives a
brief conclusion and an outlook on further research activities.2212-8271 c© 2020 The Authors. Published by Elsevier B.V.
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Nomenclature

c Clearance
�c Clearance vector
g Number of linkages
J Joint
L Linkage
LHS Latin-Hypercube-Sampling
MBS Multibody Simulation
MCS Monte-Carlo-Sampling
n Number of joints
N Sampling size
p Number of vector loops
Rb Radius of Bearing
Rj Radius of Journal
t Tolerance
γ Force angle
θ Angle
σ Standard deviation
τ Time

2. State of the art and related work

During the last decades, various approaches for the
computer-aided tolerance analysis have been proposed. Three
well known approaches are tolerance stacks, tolerance analy-
sis based on the Small Displacement Torsor (SDT) and vec-
tor loops [10]. With the help of the vector loop approach, gaps
between parts due to their geometric part deviations and kine-
matic variations can be considered [11]. Therefore, the assem-
bly is modeled as a loop of vectors, each of them representing
a dimension of the assembly. This can either be a dimensional
part deviation, a geometric part deviation or a kinematic varia-
tion [10]. Methods of tolerance analysis including the consid-
eration of joint clearance have mainly been developed in the
field of robotics, whereby modifications in well-known mod-
els of kinematic analysis have been introduced [12]. Another
approach is the enhancement of the vector loop approach, the
clearance vector model. Therefore the clearance is modeled as a
virtual, massless linkage connecting the two centre point of the
joint pair respective to its clearance [13]. This clearance vector
can be defined according to worst-case or stochastic scenarios
or due to a certain joint force [14]. Lankrani and Nikravesh
proposed a force model for the modeling of joint clearance in
which both elastic and damping effects are considered, whereby
the damping effect is linked to the energy dissipated during the
impact process. This model can be used in order to describe
the dynamics of mechanisms including planar revolute clear-
ance joints [15]. The modeling of joint clearance has been stud-
ied in detail in [16, 17]. For the purpose of analysing systems
in motion, Garrett and Hall presented a statistical approach
to calculation of mechanical errors due to tolerances and joint
clearance and introduced the term mobility band for the rep-
resentation of these errors [18]. Stuppy et al. introduced the

”integrated tolerance analysis of systems in motion”, by which
the tolerance analysis of a mechansims with deviations through
both manufacturing and operating can be conducted [14]. Wal-
ter et al. extended this methodology by the consideration of
interactions between deviations for systems in motion [19]. Ac-
cording to Flores et al., there are three main modeling strate-
gies for mechanisms in motion affected by joint clearance, the
massless link approach, the spring-damper approach, and the
momentum exchange approach [13]. Regarding modeling the
impact of journal and bearing in MBS, two types of methods
are firmly established, the continuous and the discontinuous
approach. In the continuous contact model, the forces result-
ing from the collision act perpendicular to the plane of colli-
sion, whereby the model can be linear (Kelvin-Voigt model)
or nonlinear (Hertz law) [13]. Rhyu and Kwak presented an
optimization approach for the design of mechanisms in which
both tolerances and joint clearances were taken into account.
This methodology was then applied to a planar four-bar mech-
anism including several joints affected by clearance [20]. Al-
though tolerance analysis has been steadily improved over the
past decades, most commercial programs present kinematic
joints as ideal, neglecting joint clearance, friction and deforma-
tion within the joints [13, 21]. However, previous studies have
shown that Additive Manufacturing of non-assembly mecha-
nisms requires comparatively large joint clearances to ensure
the separability of joint and bearing [22]. In order to ensure the
functionality of the mechanism, the consideration of joint clear-
ance in tolerance analysis is inevitable. To accomplish this, this
paper presents a novel methodology for the statistical tolerance
analysis of non-assembly systems in motion with consideration
of joint clearance, whereby the required informations are de-
rived through a MBS. Figure 1 shows an additively manufac-
tured non-assembly joint in cross section with soluble support.

Fig. 1. Additively manufactured joint with soluble support

3. Tolerance Analysis considering joint clearance

Ensuring the functionality through tolerance analysis is a
major step towards fully exploiting the potential of additively
manufacturing non-assembly mechanisms.Therefore a method-
ology for a sampling-based statistical tolerance analysis con-
sidering both, tolerances and the AM process-related compar-
atively large joint clearances through results from a MBS is
presented in this section. The first section describes the gen-
eral approach of tolerance analysis for ideal mechanisms based
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on vector loops. Subsequently, the method is enhanced by the
clearance vector model through results from MBS, whereby the
following tolerance analysis becomes more sophisticated. As a
result of the presented methodology, a mobility band for the
clearance affected moving system can be predicted, which il-
lustrates the influence of deviations on the expected motion be-
havior of the joints [18]. Furthermore, the results of the mo-
bility band serve as a basis for evaluating the influence of de-
viations and joint clearance on the movement behavior using a
suitable sensitivity analysis technique. Thus the functionality of
the mechanism can be ensured. The methodology is shown in
Fig. 2.

Fig. 2. Methodology for the tolerance analysis of systems in motion with con-
sideration of joint clearance

3.1. Tolerance analysis of mechanisms based on vector loops
neglecting joint clearance

This section describes the vector loop approach for statisti-
cal tolerance analysis for a mechanism in motion. Hereby the
joints are assumed to be rigid and friction within the joints is
neglected whereby the computing time can thus significantly
be reduced. To show the applicability of this approach, it is ap-
plied to a planar 4-bar mechanism and each of the four links is
represented by a vector (Fig. 3).

Fig. 3. Vector loop model of an ideal 4-bar-mechanism

For the vector loop approach, the loop closure equation ac-
cording to Goessner is applied to determine the degrees of free-
dom and thus the number of required vector loops p for a mech-
anism including g linkages and n joints [23]:

p = g − (n − 1). (1)

Applying this equation to the mechanism shown in Fig. 3,
which includes four linkages and four joints, it becomes appar-
ent that one vector loop is sufficient to characterize the kine-
matic behavior:

L1 · e j·θ1 + L2 · e j·θ2 − LAB − L3 · e j·θ3 = 0. (2)

A vector loop as shown above consists of two equations for
the real and the imaginary part, which both must be equal to
zero:

Li · e± jθi = Li · (cosθi + j · sinθi). (3)

Thus for each vector loop, two equations are provided. For
the 4-bar mechanism (see Fig. 3) one vector loop consisting
of two equations is sufficient to describe its kinematic behav-
ior. In the following only the summarized form of the equation,
consisting of real and imaginary part will be shown. For this
non-linear vector loop equations an explicit solution is difficult
to solve, so a numerical solution is required. Therefore a nu-
merical and iterative method (e.g. Newton-Raphson or Denavit-
Hartenberg) is applied [11]. The movement accuracy for cou-
pling curves of relevant joints Ji j as a function of the time τ is
therefore defined as the functional key characteristic (FKC):

FKC(τ) = Ji j(τ). (4)

The procedure for determining the unknown angles θ of the
joints Ji j through solving the non-linear vector loop equations
via numerical and iterative methods is shown in Fig. 4.

Fig. 4. Procedure for determining the unknown angles of the joints through
solving the vector loop equations

3.2. Consideration of joint clearance through clearance vector
model

The previously explained vector loop model is now en-
hanced through the clearance vector loop model to consider the
influence of joint clearance on the kinematic behavior of sys-
tems in motion. For this, the clearance is modeled as the virtual,
massless link connecting the two centre points of the joint pair,
whereby the contact surface is assumed to be rigid and friction
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is neglected. As friction within the joints is neglected, the direc-
tion of the clearance vector coincides with the normal direction
of the collision plane. Under this assumption the clearance vec-
tor �c, consisting of the clearance c and the force angle γ, points
in the same direction as the joint force [16, 17]. The modeling
of the joint clearance and the resulting equivalent clearance link
for the clearance vector model is shown in Fig. 5.

Fig. 5. Equivalent clearance link for clearance vector model

The joint forces and thus the clearance vectors for moving
systems can be derived using common software programs, e.g.
MSC ADAMS. With the help of the MBS, the missing infor-
mations for the clearance vector like the force angle γ can be
determined for a certain modeling type. Subsequently, this in-
formation can be used for solving the clearance vector loop
equations and then be integrated into the tolerance analysis for
a realistic representation of the joint clearance. Furthermore, lu-
bricants in the non-assembly mechanism are not existing, so a
contact load can occur, whereby the resulting impulse forces
are transferred to following mechanical parts. These impulses
and the subsequent continuous contact can be modeled by the
force model [8]. According to Flores et al. [13], the size of the
clearance is hereby defined by the difference in radius between
bearing Rb and journal Rj:

c = Rb − Rj. (5)

The vector loop approach for the 4-bar mechanism of Fig.
3, is now extended by the clearance vectors �c12 and �c23 for the
clearance affected joints J12 and J23 in Fig 6.

Fig. 6. Clearance vector loop model of a 4-bar-mechanism with joint clearance

According to Goessner (see Eq. 1), for a 4-bar mechanism
consisting of four links g and four joints n, one vector loop

is sufficient for the characterization of its motion behavior,
whereby the informations for the clearance vectors are derived
through the MBS [23]:

L1 · e j·θ1 + c12 · e j·γ12 + L2 · e j·θ2+
c23 · e j·γ23 − LAB − L3 · e j·θ3 = 0. (6)

3.3. Statistical tolerance analysis using sampling techniques

Statistical tolerance analysis using sampling techniques of-
fers the possibility to determine the influence of joint clearances
and geometrical deviations resulting from the AM-process on
the movement behavior. Therefore, the link length deviations
are considered in terms of tolerances whereby these values have
to be determined through prior experiments, as there is cur-
rently no specific guideline for tolerancing in AM and in par-
ticular for non-assembly mechanisms [24]. Various techniques
such as Monte-Carlo-Sampling (MCS) or Latin-Hypercube-
Sampling (LHS) can be used for sampling. The adaption of the
procedure for solving the vector closure equations from Fig 4
for solving the equations for the statistical tolerance analysis
using sampling techniques is shown in Fig. 7.

Fig. 7. Procedure for the statistical tolerance analysis using sampling technique

As a result, the mobility band for the 4-bar mechanism can
be calculated whereby the functionality can be ensured, evalu-
ating the previously defined FKC.

4. Case Study

The previously presented methodology is now applied to a
case study of an additively non-assembly manufactured mecha-
nism, consisting of eight linkages and seven clearance affected
joints (see Fig. 8). By applying equation (1) to the case study,
it becomes evident that two vector loops are now required for
solving the vector loop model:

L1 · ei·θ1 + c12 · ei·γ12 + L2a · ei·θ2+
+c23 · ei·γ23 − LAB · ei·θA − L3 · ei·θ3 = 0, (7)

L1 · e j·θ1 + c12 · e j·γ12 + e j·θ2 (L2a + L2b · e−i·θ2a2b )+
+c23 · e j·γ23 + c24 · e j·γ24 + L4 · e j·θ4 + c45 · e j·γ45+

L5 · e j·θ5 − LAC · e j·0 = 0.
(8)

In order to determine the clearance vector for the enhance-
ment of the vector loop model, as described previously, a MBS
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Fig. 8. Clearance vector loop model of an additively manufactured, non-assembly 8-bar mechanism

of the presented mechanism was setup in MSC ADAMS. There-
fore the joints were modeled as rigid and affected by clearance.
This clearance was varied between minimum achievable clear-
ance and a comparatively large clearance and split into four
factor levels for a comparison of the results (0.2mm, 0.5mm,
0.7mm and 1mm). This minimum achievable joint clearance
was determined in prior studies whereby joints with different
joint clearances and varying process parameters were printed.
A minimum achievable joint clearance of 0.2mm was deter-
mined, whereby the separability between journal and bearing
could still be guaranteed. Afterwards, the derived joint forces
from the MBS were implemented into the tolerance analysis. In
this case study, the motion behavior and in particular the move-
ment accuracy of coupling curve of joint J24 is defined as the
FKC as a function of time τ:

FKC(τ) = L1 · e j·θ1 + c12 · e j·γ12+

+e j·θ2 (L2a + L2b · e−i·θ2a2b ) + c23 · e j·γ23 (9)

The deviations from the desired motion behavior are used
for the sensitivity analysis in order to evaluate the influences
of joint clearance and part deviation of the linkages on the
defined FKC, whereby the results are filtered to avoid sta-
tistical outliers. The density-based sensitivity analysis is per-
formed in MATLAB R2019a according to Plischke [25] due
to its sampling-independent applicability. The tolerance for the
length of the linkages was fixed at a constant value (t = ±0.2),
based on prior experiments in which the length deviation of the
linkages resulting from the FDM process was examined in a
design of experiment, printing different linkages with varying
process parameters. The values of the tolerances were assumed
to be normally distributed (σ = t/6). Furthermore the num-
ber of samples is N = 10000 with which valid results could
be achieved in prior studies in combination with reasonable
computing time [19]. The aim of this sensitivity analysis is to

identify which of these parameters have the most significant in-
fluence on the motion behavior of the additively manufactured
non-assembly mechanism. This information can then be used
to optimize the functionality of the mechanism more efficiently
[26]. The resulting contributors of the sensitivity analysis are
shown in a bar chart in Fig. 9.

It can be stated that the joint clearance has the most signifi-
cant influence on the motion accuracy of the joint J24. Regard-
ing the sensitivities of the linkage deviation, the deviation of
linkage L3 has the greatest impact on the motion accuracy of
the observed joint. This seems plausible, since it is the longest
linkage in the assembly (cf. leverage effect).

Fig. 9. Resulting sensitivities of tolerances and joint clearance on the motion
accuracy of joint J24 for the given case study

5. Conclusion and Outlook

AM-specific, comparatively large joint clearances of addi-
tively manufactured non-assembly mechanisms have a signif-
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icant influence on their motion behavior and can thus impair
their functionality. By considering these large joint clearances
through a clearance vector, whereby the required informations
are derived through a MBS in statistical tolerance analysis, a re-
alistic representation of the motion behavior can be achieved. In
doing so, the functionality of the mechanism can be predicted.
With the help of the presented statistical tolerance analysis, the
effects of joint clearance and tolerances on the motion behav-
ior of an additively manufactured non-assembly mechanism are
calculated. Evaluating the sensitivity analysis in Fig. 9, it be-
comes evident that the joint clearance has a far more significant
influence on the motion behavior of the mechanism than the tol-
erance of the linkage length. Furthermore, it can be stated that
minimizing the joint clearance would significantly improve the
movement accuracy of the joints and thus ensure the function-
ality.

For further improvement of the presented methodology,
machine-specific deviations resulting from the AM-process
(e.g. staircase effect, surface roughness) have to be considered
for a realistic representation of the motion behavior. In order to
additionally achieve a process-oriented prediction of machine-
specific deviations depending on chosen production parameters,
an integration of a suitable meta-model may be purposeful. Fur-
thermore, the AM-specific form deviations could be considered
through Skin Model Shapes [27], whereby the motion behav-
ior of additively manufactured non-assembly mechanisms can
be predicted more precisely. Another subject of future work will
be the experimental validation of assumptions made, such as the
neglect of 3D-effects like e.g. tilting and the continuous contact
model, whereby free-flight phases and friction within the joints
are neglected. The comparison of test and tolerance simulation
can be achieved by using optical measurement techniques. An
ubiquitous research topic concerning AM, is the optimization
of process parameters, whereby the joint clearance and thus the
motion behavior of non-assembly mechanisms can be signif-
icantly improved, whereby the potential of AM can be fully
exploited.
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et al. Tolerancing: Managing uncertainty from conceptual design to final
product. CIRP Annals 2018;67(2):695–717.

[4] Hallmann, M, Goetz, S, Schleich, B, Wartzack, S. Optimization of
build time and support material quantity for the additive manufacturing of
non-assembly mechanisms Procedia CIRP 2019;84:271–276.

[5] Sossou, G, Demoly, F, Montavon, G., Gomes, S. An additive manu-
facturing oriented design approach to mechanical assemblies. Journal of
Computational Design and Engineering 2018;5(1):3–18.

[6] Cuellar, JS, Smit, G, Plettenburg, D, Zadpoor, A. Additive manufacturing
of non-assembly mechanisms. Additive Manufacturing 2018;21:150–158.

[7] Wei, X, Tian, Y, Joneja, A. A study on revolute joints in 3d-printed non-
assembly mechanisms. Rapid Prototyping Journal 2016;22(6):901–933.

[8] Tian, Q, Flores, P, Lankarani, HM. A comprehensive survey of the ana-
lytical, numerical and experimental methodologies for dynamics of multi-
body mechanical systems with clearance or imperfect joints. Mechanism
and Machine Theory 2018;122:1–57.
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